TRACE FORMULAS FOR SCHRODINGER OPERATORS 
- FROM THE VIEW POINT OF COMPLEX ANALYSIS 

HIROSHI ISOZAKI AND EVGENY L. KOROTYAEV 

o 

3 ' Abstract. We consider the Schrodinger operator —A + y(x) in L-^(R'^) with 

a real short-range (integrable) potential V. Using the associated Predholm 

ff^ , determinant, we present new trace formulas, in particular, the ones in terms 

of resonances and eigenvalues only. We also derive expressions of the Dirichlct 
integral, and the scattering phase. The proof is based on the change of view 
points for the above mentioned problems from the operator theory to the 

^H ■ complex analytic (entire) function theory. 

^ ■ 1. Introduction and main results 

-)— » 

■ ' 1.1. Modified Fredholm determinant. Let B, Bi, B2 be the set of all bounded 

operators, trace class and Hilbert-Schmidt class operators on L^(R'^), respectively. 

The norms of B, Bi, B2 are denoted by || • ||, || • ||i, || • II2, respectively. For A € B, 

(J (A) denotes the spectrum of A. 

^ ' We study the Schrodinger operator H in L^{'R,'^) given by 

00 : H = Ho + V, Ho 

We put Ro{z) = {Hq - z)~^, and 



o 



I> : (1.1) Qoik)^\V\^^^Roik^)V^/'^, keC+ = {keC;Imk>0}, 

where V^^^{x) = V{x)/\V{x)\^/^ for V{x) ^ 0, and V'^/^ix) = for V{x) = 0. We 
basically assume the following condition. 

(C) : The potential V{x) is a real-valued C" -function and satisfies 

><: (1-2) 5] i9:n^)i<c(i + i.T|)-3-% 

|a|<2 

for some constants C, e > 0. The strong limit 

(1.3) Qo(0)= lim Qo{k) 

exists in B, moreover —1 ^ cf{Qo{0)). 

Under this condition, the operator H has absolutely continuous spectrum [0, 00) 
without embedded eigenvalues and a finite number of bound states (counted with 
multipHcity) — Ai < —X2 < • • • < —Xn < 0. We put 



^ 



(1.4) V'^diH) = {^ Va7, • • • , ^ VA^} C C 



'+■ 
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Recall that Ro{z) has the integral kernel 

^i^/z\x-y\ 

(1.5) Ro{x~y;z)^-— r, y/z e C+. 

At:\x — y\ 

Let R{z) = {H — z)^^ for z e C\R. Then it is well-known that under the condition 
(C), for fc G R, there exists the strong limit Qo{k) ~ lime_5.oQo(fc + «e) G B. 
Moreover for fc e C+ \ ^/oJjT) 

(1.6) |T/|i/2i?o(fc2), go(fc) e B2, i?(fc2)-i?o(fc2)eBi. 



However, V^i?o(fc^) ^ Bi for any k E C+ \ y/(Td{H), and we need some modification 
to define the determinant det(/ + VRo{k)). 

We introduce a notation. For a Banach space X and a domain D C C, let 
A{D ; X) be the set of all A'- valued analytic functions on D, and 

(1.7) H{D;X)=A{D;X)nC(D;X), 

where C{D ; X) is the set of all A'-valued continuous functions on D, the closure of 
D. Since Qo E H(C+ ; B2), we can define the modified Fredholm determinant 

(1.8) i:'(fc) = det[(/ + go(fc))e-'3«Wl 
which also belongs to ^(0+ ; B2). We then have 



fceC+, 



which follows from the condition (C) and the non-existence of positive eigenvalues 
of H. The function D{k) is a regularization of det(/ -I- VRo{k)). In fact, after 
removing the zeros by a suitable Blaschke product, D{k) will correspond to an 
element in the Hardy class, and within this class, D{k) will turn out to be a unique 
regularized determinant. Let us prepare some notation to make it precise. 
Since ||(5o(fc)||2 = o(l) as Imfc -^ 00, we can define the branch 

(1.9) \ogD{k)=p{k)+t(l>{k), 

(1.10) p{k) = \og\D{k)l 0(fc) = argi?(fc), 

so that logD(fc) = 0(1) as Imfc -^ 00. 

Our aim is to deduce the following terms from log_D(fc): 

(1.11) a_i - -^ / V{x)dx, 

(1.12) ao = -^ I V^x)dx, 



(4^) 



R3 



(1.13) a, = ^^^ J^^ (|VF(x)|2 + 2VHx)) dx. 
Let us remove the zeros from D{k). We define 

(1.14) B(k) = fl 

and put 

D{k) 




(1.15) Deik) = 



B(ky 
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We then have 

(1.16) \ogDB{k) = log D{k) - logB(fc), 

where log B{iT) = o(l) as r — > cx). The function logi3(fc) is analytic in the domain 
C \ {ir ; T G [—\/Xi, \/Xi]} and has the foUowing expansion 

l3o h , /34 



(1.17) 
where 

(1.18) 



Hog B{k) = 



Pn 



k k^ fcs 



N 



1 ^^ 



(VA,) 



,n+l 



if |fc|>VAi>0, 



n7^ -1. 



It is convenient to put 

(1.19) 7r, 



^l)"/32 



-1,0,1,- 



Note that we have ilogB(O) = ttN and logL'i3(fc) e "^(0+; C). 

1.2. Scattering phase and modified determinant. The condition (C) imphes 
the existence and completeness of wave operators for the pair Hq and H . The 
associated scattering matrix S{k) has the property S{k) — / G Bi for any fc € R. 
Moreover, there exists a unique function (the scattering phase) 4>sc{k), which is 
odd on R, continuous on R_|_ and satisfies (j)sc{+0) = —■nN. This function (f>scik) 
is connected with the scattering matrix S{k) by the the Birman-Krein identity (see 

p. 6 of m) 

(1.20) detS'(fc) =e-2'-^-('=\ a.e. fc > 0. 



We recall the following important identity from [20] : 
(1.21) det5'(A;) 

which yields 



D{kl 
D{k) 



2ikoi. — \ 



0sc(fc) = fca-i + argL»(/c), fc > 0. 
1.3. Main results. Now we can state our first main result on the trace formula. 
Theorem 1.1. (1) We have the following asymptotic expansion as |A:| —>• oo 

(1.22) 



(1.23) 



"--w = -t-f + "(f 



-nogZ,eW = -|!-2l + o(ij), 



both being uniform with respect to aigk G [0,7r 
(2) The following trace formulas hold: 

t \m:gD{t) 



(1.24) 
(1.25) 
(1.26) 



■^ Jtk. 



t 



i/t 



R 



wgD{t) + — + -^ 



dt^Pi, 
dt = -/33, 



71" 7r 



log|D(i)Mi = -7o, 
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(1.27) - / k'^log\D{t)\dt 



-71, 



(1.28) -/ "2 di + 0,^(+O) = 7^1. 

Remark, (i) The formulas ()1.24p . (|1.25p were proved by Buslaev [2]. The trace 

formulas (|1.26p and ()1.27p are new. The equality (|1.28p is an analogue of (|1.26p . 

()1.27p . In fact, it follows from the asymptotics (|1.22p . 

(ii) Higher regularity of V implies more trace formulas. 

(iii) Buslaev mainly considered the phase (l)sc- In the present paper, in addition, 

the trace formulas for the conjugate function — log|Z?(fc)| are proved, which gives 

rise to a more complete result. 

The scattering phase (j)sc defined by p.20[) is harmonic in C+\{iT ; r e [0, v^Ai]}. 
Thanks to the analyticity of D{k) in C+ \ {ir ; r € [0, \/Ai]}, we can construct the 
conjugate function — log|D(fc)| in the same region. In fact we have 2 alternative 
definitions of the conjugate harmonic function — log |_D(fc)|: either 

(1) First define (j^sc directly from the S'-matrix and then determine — log |I?s(fc)| 
from aigDB{k) using the Hilbert transform, or 

(2) Define implicitly — log |-D(fc)| in terms of the determinant D{k). 

In fact, there are no works on the conjugate function — log |£'(fc)| of the scattering 
phase (f>sc in the case dimension > 1. Only in the 1 dimensional case there are a lot of 
papers devoted to the trace formulas and the conjugate function — log \D{k)\, since 
it plays an important role in spectral theory, inverse problems, non-linear equations, 
etc. For example, — log |-D(fc)| is the action variable for the KDV equation (see [5]). 
For periodic potentials such identities were obtained in [TU] , [T3] , [TH] and were used 
to get double sided estimates of potentials in terms of spectral data to solve the 
inverse problem pTT) . 

We formulate the second result on the trace formulas. 



Theorem 1.2. The Dirichlet integral of log Dsik) has the following form 

dtdr + So — mBjo, 



(1-29) ^JJ^ l^logDBik) 

where, k = t + ir, and 

ms = -min— argDB(t), Sq = / log\D{t)\{mB + -7:eiTgDB{t))dt. 

ten dt TT J^ dt 

Furthermore, if N = 0, then log |-D(0)| < 0. 

Remark, (i) The functions \ogDB{k),k^^a.rgDB{k) are continuous on R, since 
a,rg DB{k) is even on the real line and argils (0) = 0. Moreover, by (|1.23|) . they 
belong to L^ (R) . By the property of the Hilbert transform we have 

I f ^^i2E^dt = iog\Dm- 

ttJr t 

IiV>0, then (psdt) > for any t > 0. However, argI?B(i) < for some t > 0. 
(ii) Let A(A:) = mBk — i\ogDB{k), and consider the curve T — {X{t) ; t S R}. Then 
^o is the area of the region surrounded by F and R. 
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iv) Note that for the Hill operator there are identities of the type (|1.29p proved 
in [To], [13]. Roughly speaking in the case of the Hill operator we have So — 0, 
while for the Schrodinger operator —A + V{x) in L^(R^) with a real short-range 
potential V, the additional term 5*0 appears. 

We turn to the resonance. If the function D{k) is entire, then it has A^ > 
zeros i\/Xi, • • • , i^/Xiv in the upper half-plane, and (in general) an infinite number 
of zeros in the lower half-plane C_ — {k G C ; Irak < 0}, which we can arrange as 
< |fcAr+i| < |A:Ar+2| < • • • . It is convenient to put 

kn = i\/Ki, 1 < n < N. 
We call the zeros of D{k) in C_ resonances of H. Let 

(1.30) Q(fc) = |y|l/2i?(fc2)yl/2^ 

Theorem 1.3. (1) The function B^{k) det S'(fc), fc G R, has an analytic continua- 
tion onto whole of C+ if and only if the function D{k) is entire. 
We assume that D{k) is entire. 

(2) det S{k)^ fe G R, has a meromorphic continuation onto whole C and the follow- 
ing formula holds 

(1.31) e^^''"-^B\k)detSik)^ ^^^y';^ , k e C\{0,k,,k,,- ■ ■}. 

DB(k) 

(3) Suppose that the function D{k) has a finite order and a finite number of zeros. 
Then F = 0. 

(4) Suppose z^ ^ ad{H). Then z is a pole of det5(fc) (of multiplicity m > 1) if 
and only if z is a zero of D{k) (of the same multiplicity m > 1). 

(5) Suppose as a 'Q-^-valued function, Qo{k) has an analytic continuation to the 
whole plane C. Then Q{k) : C+ \ ^Jad{H) — >■ B has a meromorphic continuation 
to whole C. Moreover, z is a zero of D{k), if and only if z is a pole of Q{k) with 
the same multiplicity. 

Remark. It is well known that if V{x) is compactly supported, more generally if 
sup2,gR3 |F(x)|e'^l^l < oo for any c > 0, then as a B2-valued function, Qo{k) has an 
analytic continuation into the whole plane C, and D(k) is entire. 

Theorem 1.4. Assume that suppV^ C {\x\ < 1}. Then D{k) is an entire function 
of order < 3, and 

(1.32) \DB{k)\<snY>\D{t)\, k eC^, 

ten 

(1.33) \D{k)\ < Coe^"^''^', fcGC_, 
for some constant Co . Moreover 

(1.34) D{k) ^ D{0)e'^^''^ lim TT f 1 - A") e^+^+Aj, k e C, 

r-i.+oo -'--'- V kn J 

uniformly on any compact subset of C, where 

(1.35) 'p(k)^i^^k' + ^k' + icl,'{0)k, 
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with 4>{k) defined in \1.10\) . and 



the convergence being uniform on any compact subset of C\ {0, ki,k2, ■ ■ ■}■ 

Remark, (i) In [12] the corresponding l-dimensional case is discussed, 
(ii) The 1-dimensonal counter part of D{k) is of exponential type (see [55]), and 
we can make use of the theory of functions of exponential type (see [12] , where the 
results in [9] was used). In dimension 3 such nice properties are unknown, and we 
stress the fundamenal importance of the problem of determining the order of D{k). 

Recall Krein's trace formula for the pair of operators i?o, H and / G C5"(R): 

(1.37) Tr {f{H) - f{Ho)) = f i{E)r{E)dE, 

where the spectral shift function ^ has the following form (the Birman-Krein for- 
mula) 

^cj),ciVE) if E>0, 

(1.38) aE) - {"" rE N 

/ '^S{t + Xn)dt if £;<o, 

"'-°o „=1 

(1.39) C(+0) = -N. 

Theorem 1.5. Let V , <j){k) and V{k) be as in Theorem 1.4- Then for any f G 
C^ (R) the following identities hold: 

^ /"OO -1 /"OO 

(1.40) Tr {f{H) - f{Ho)) = J2 /(^D - — ^ / fi*')dt ^ - / f{t'W{t)dt, 

j^l ""Jo ^ Jo 

(1.41) ^'(t)^ina7"(i)+Im^— -^— , i > 0, 

ri>l "^ ' 

where the series converges absolutely and uniformly on any compact set of [0, cxd). 

Remark. The equality (|1.4ip is the Breit-Wiegner formula for the resonance (see 
p. 53 of [13]). 

The importance of trace formula in non-linear equations, inverse problems, spec- 
tral theory has already been discussed in many papers, see [1], [S], [TU], [TB] and 
references therein. The trace formula associated with the scattering phase (the 
spectral shift function) 0sc was derived by Buslaev [2] and later it is repeatedly 
studied by various authors, see [3], [20], [S], [H] etc. For example, using the modi- 
fied determinant, Newton [30] gave a new proof of the Levinson Theorem. The trace 
formulas for Stark operators were obtained in [2] and for the case 2D magnetic 
fields see [T5] . 

The resonance is also a broadly discussed subject (see [19], [27], [6], [25] etc). 
Many related problems which have applications to physics are still open. We think 
that some basic problems for the distribution of resonances have connections to open 
problems in the theory of entire functions. The works cited in [9] will serve as a first 
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step in this direction. For example, the Levinson Theorem (about zeros of entire 
functions, see [9] , [17]) gives only the first term in the asymptotics of the number 
of resonances in dimension 1. We expect that the next term in these asymptotic 
estimates could be determined by applying the theories of entire functions and 
conformal mapping. 

2. Trace formulas 
Let us recall some well-known facts. Let A,B^'B and AB, BA E Bi. Then 

(2.1) TtAB = TtBA, 

(2.2) det{I + AB)=dct{I + BA). 

Suppose for a domain D C C, n(z) G A{D ; Bi) satisfies —1 ^ a{i^{z)) for any 
z e D. Then for F{z) = det(/ + fl(z)) we have 

(2.3) F'(z) = F(z)Tr (/ + n{z))-^n'{z). 

We need the following fact for the trace class operators (see Theorem XL21 f22j): 

(2.4) /(x).g(-zV) e Bi, f,geL'^'iR"), S > n/2, 



where /e L2^''(R") means that /j^„(l+|a;|)2'5|/(a;)|2da; < oo. RecaU that ^Jad{H) = 
{i-\/Ai, • • • , i\/Ajv}, and Qo{k) and Q{k) defined in (|l.ip and (ll.30p . We use the 
following formula 



(2.5) (/ + Qo(fc))(/-Q(fc))=/, fceC+\V^:^. 
We put 

(2.6) QB{k)^B{k)Qik). 

Recall also that for a Banach space X, T-L{C+ ; X) is the set of all A'-valued con- 
tinuous functions on C+ = {fc € C ; Im k > 0}, which are analytic on C+. 

Lemma 2.1. The operator-valued functions Qq, Qq, Qb, Q'g belong to 'H(C+ ; B2). 
Moreover, we have: 

(2.7) sup (||Q^(fc)||2 + ||Qo(fc)||2)<oo, 
feec+ 

(2.8) sup |fc||iQo(fc)ll <oo, 

fcec+ 

(2.9) Fi?o(fc)^ Q;,(fc)eBi, fceC+, 

(2.10) Tr g^(fc) =ia_i, fc G C+. 
// V satisfy m^ with e > 1, then Q'i{k) e H{C+ ; B2). 

Proof. It is well known that (3o,Qo,Qs e 'H{C+ ; B2) and dUT]) holds. Note 
that it is a simple fact and it follows from (|1.5p . Using (|2.5I) . we have 

Q'(fc) = 2k\V\^'^R{kfV^'^ = {I- Q{k))Q'^{k){I - Qik)), 

which yields Q'g e "^(0+ ; B2). The estimate ([^ is proved in 7 , and (j^ . (IL^ 
imply ((2^ . Using ((2^ . we obtain 

TrQ^(fc) = 2fcTr(Ui?(fc)2) = — / y(a;)da; = m_i, fc € C+. 

47r Jr3 
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If e > 1, then dH]) shows Qf,' e 'H{C+ ; B2). D 

The function D{k) is real on {ir ; r G (0, 00) \ [0, -yAi]}i and we have 



(2.11) D(k) = D{-k), 0(fc) == -<^(-fc), p{k)=p{-k), 

for k G C+\{ir ; r G [0, -^/Ai]}- The logarithmic derivetive of D{k) has the following 
form (see [8]), 

(2.12) ^\ogD{k)^-TT[Q{k)Q'a{k)], fceC+\{zr;re(0,VAT]}. 
In fact, this follows from ^^-^^, and (^3)) . 

Lemma 2.2. T/ie functions logDsik) and — logDBik) belong to 'H(C+ ; C), and 

dk 
the following identity and the estimate hold: 

(2.13) Co:- 2 sup |fc|||Qo(fc)|| < 00, 

fcec+ 

(2.14) _logi?(fc)-y^^i— ^^1^, |fc|>Co, fcGC+, 

n=2 

where the series converges absolutely and uniformly, and 
(215) 

logDw/f^'-'^°""'" < ll'?°WII''"llq°Wlli. |,|>c.. .CC 
''^^ n A^ + 3 

n— 2 

/or any iV > 0. // V^ satisfy JO) mt/i e > 1, t/ien — - logL>B(fc) G ^(0+ ; C). 

Proof. Lemma 2.1 and the formula (I2.12p imply that log£'B(fc) and — logDsik) 
belong to 'H{C+ ; C). We denote the series in ([^1^ by F{k). Since 

(2.16) |TrQ[J(fc)| < ||go(fc)||^||go(fc)||"-2 < ||Qo(fc)||^er^ e^ = \\Qo{k)\\ < i, 

F{k) converges absolutely and uniformly, and is anlytic in |fc| > Cq. Moreover, 
differentiating (|2.14p and using (|2.5p . we have 

CO 

F'(fc) = -z^Tr(-go(fc))"-^g[,(fc) =^TrQ(fc)0^(fc), |fc| > Cq. 

n=2 

Then we have F(k) — -~ilogD(k), since F{iT) = o(l) as t ^ 00. Using (|2.14p and 
(I2H1), we obtain (HH]). 

Let, in addition, V satisfy (II. 2p with e > 1. It is sufficient to consider — - log D{k) 

dk 
near the real line. Using (|2.12l) . we have 

^\ogD{k) = -Tr (Q'(fc)g^(fc) + Q(fc)Q^'(fc)), k e C+. 

Then by Lemma 2.1, the two terms are analytic in C+ and continuous up to R. 
Hence we have the last assertion of the lemma. D 

The following lemma will be proved in §4. 
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Lemma 2.3. We have the following asymptotic expansion as \k\ — > cx), k G C+; 

(2.18) TiQoikf ^0{k-^), TTQP-\k)Q'oik)^Oik-^), p = 4,5. 

Now we can compute the asymptotics of logD(fc) and logDsik). 
Theorem 2.4. We have the asymptotics m.2<i\) . U.23\) in Theorem 1.1, moreover 

(2.19) _,^iogi^(fc) = ^ + 0(^). 

We also have 

(2.20) inf |i:>(t)| < |i:>B(fc)| <sup|i:>(i)|, VfceC^. 

Proof. Using Lemma 2.2, we decompose —i\ogD{k) as T<c,{k) + Ty^{k), where 

'Qo(fc)' Qo(fc)' , Oo(fc)" Qa{kf' 



T<5{k) = iTr 



2 3 4 

Tr(-go(fc))" 



n 

n>5 



Ty,{k)=tJ2 

Lemma 2.1 implies 

\T>5{k)\ < \\Qo{k)\\l\\Qo{k)\\^ < C\kr\ k eCT, \k\ ^ ^ 

for some C > 0. The asymptotics (|1.22p . (|1.23l) then follow from this estimate and 
Lemma 2.3. The proof of (j2.19p is similar, since we have (|2.7p . 
We let 

logi:'B(fc) ^log\DB{k)\+isiTgDBik) ^■.pB{k)+i(j)B{k). 

Then pB{k) is a real harmonic functiuon. In view of (|1.23p . we have log Dsik) — 
0{k^^) as |fc| — >■ 00, k G C+. Then the maximum principle implies 

inf pBit) < PB{k) < sup pB{t), fc e C+. 
*eR- ten 

Since pB{t) = p{t) for t e R, we obtain ([2:201) . ^ 



For k £ C+ \ y/(Jd{H), we put 

(2.21) Mk) = l + Qo{k), J{k)^l-Q{k), 

(2.22) So{k) = Jo{-~k)J{k). 
By (|2.5p . we have 

5o(A;) = 1 - (Qo(fc) - Qo(-fc))(l - g(fc)). 

Then the operator-valued function 5o(-) — / : C+ — > Bi is continuous up to R, 
since the function det(/ + •) is continuous in the trace norm. Then we obtain the 
well known formula (see Theorem XI.42 [22 and (|2.2p ) 

det5'o(A:)-det5'(/fc), fc e R. 

We represent det S{k) in terms of D{k) and give an alternative proof of (ll.2ip . 

Lemma 2.5. The equality U.21]) holds. 
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Proof. Take z = ir, t £ R \ y/(Jd{H) arbitrarily, and define the modified 
determinant 

T){k)=det[Ja{k)J{z)], k e C+, 
It is well defined since J{-)Ji{z) — / G 'H{C+ ; Bi). The function 2?(fc) is analytic 
in C-|_, with N zeros (counted with multiplicity) fci, • • • ^k^ G «R+ and I'(z) = 1. 
We put 



/(A:) = ^eT^(«°W-«°(-», keC; 



and show 



V{k) = f{k), fceC^ 
Using 123]), (1231) and ^^, we have 



^ = Tr [Jo(A:) J(z)]'' Qo(fc)^(^) = Tr J(fc)g^(fc), fc e C+ \ V^:^^. 

By the similar argument, (i.e. using (|2.ip . (|2.3p . (|2.4|) . and (|2.7p ). we obtain 

^ = Tr [-Q{k)Q'^{k) + Q^(fc)] = Tr J{k)Q',(k). 

Then T) — f, since/ and V satisfy the same equation and f{z) — ^{z) = 1. 
Using Jo{k)J{k) — I, we rewrite det5o(fc) in the form 



det5o(fc) = det [M-k)Jiz)] det [J(z)-V(fc)] = ^^ = ^, 



for fc e C+ \ ^/odiH), since I?(fc) is real on iR+. This equality and detS'o(fc) = 
det5'(fc), fc G R, yield ([OT]) . since (|2J0l) gives Tr(Qo(fc)-(9o(^)) = i{k-z)-f-i. D 

We prepare some simple equalities. We put 

(2.23) Bii{k) = ReB(fc), B/(fc) = ImB(fc). 

Then we have 

,..„ .;,„, . _K..|M -_ _H. E (j^ - ^) L.^„ ^ .g^, 

(2.25) logDB{0) = log\DB{0)l 

J N 

(2.26) - I— logDBik) ^^^ = MQ) = 0'(+O) - 2^ ^' 

since (/)b is odd and ps is even on R. 

We prove the first main result about the trace formulas. 
Proof of Theorem 1.1. We put 

*(fc) = -ilogi:'(fc), ^B{k) = -ilogDBik). 

Due to Lemmas 2.1 and 2.2, ^s is continuous on C+. The asymptotics in Theorem 
1.1 (1) have been proved in Theorem 2.4 

In order to show the equalities (jl.26p . (|1.27p and (ll.28p . we need the following 
simple result. Assume that a function / satisfies the following condition: 

(2.27) /e-H(C+; C), Im /(• + ^0) G ^^(R), /(^T) ^ - ^-^ "^ "^^\ r ^ oo. 

IT 
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Then 

(2.28) Q^^- f lmf{t)dt. 

I" Jb. 

We apply this result to ^^(fc), which satisfies the condition (12.27^ by virtue of 

Theorem 1.1, and we have (ll.26p . 

Applying similar arguments to the function fc^(4'B(fc) + -— ) we obtain (11.27p . 

k 

In order to get (ll.24p . we define the function /i = ik{^ sik) H — t-)- Due to 

k 
Theorem 1.1, this function /i satisfies the condition (|2.27l) and we have 



/ lmfi{t)dt = I t Usit) + ^) dt = 0. 



t 
Substituting (f>B — (j^ — Bi and 70 = ao ~ Po into last integral, we obtain 

A) 
t 

The integration by parts yields 



j t (cj,B{t) + ^)dt = J t (0(f) + ^) dt - J, J = J t (Biit) 



dt. 



N „ / , , X N 



which implies (|1.24p . 

Applying similar arguments to the function ik'^{'^ sik) + ^-) we obtain (|1.25p . 

We will prove (|1.28p . Below we will use the following simple fact (see [S]). 
Assume that the function F e 'H{C+ ; C) satisfies ImF(O) = and F e L^(R). 
Then by the property of the Hilbert transform, we have 

1 f Im F(t) , 
TT Jr t 
We apply this result to the function / — ("^Bik) — 'I'_B(0)/(fc). Due to Lemma 
2.2, / e 'H{C+ ; C) and 1/(0) = since psit) is even on the real line. Then we 
have 

N 



■ /^ ^^^^^^/^dt = MO) = 0'(+O) - B'M = C(+0) - "-1 - 2E ^' 



1 r PB{t)-PB{o) ^ 

where we have used (fL2T|l and (fl!26l) . This proves (fOS]) . D 

We prove the uniqueness. Let 7i\_ denote the Hardy class of functions g which 
are analytic in C+ and satisfy supj^^g /r Idi^ + 'iy)\'^dx < 00. 

Lemma 2.6. Let fj{z),j = 1, 2, be such that log/j G "H^, and satisfy the following 
conditions: 

(i) fj{z) = 1 + 0(1) as Imz —> cx), z G C^, 

(a) ipjit) := arg/j(i) is continuous m i G R\ {0}, and 4>j{t) — >■ as t ^ ±00, 
(Hi) e-^^-^i^*) = e-2*'?^2(*), for a.e. i G R. 
Then /i(z) = /2(z) on C+. 

Proof. RccaU that if 0i(t) = 02 (t), for a.e. t G R. Then /i(z) = /2(z) on C+ 
(see [Koo]). Hence we have only to show (i>\(t) — (f>2{t), for a.e. i G R. We take an 
interval / = [m, m + l] for large m > I. Then |0j(t)| < e,t G I, j — 1, 2, and using 
the identity e-2i'/'i(*) = g-'^'-Mt) for a.e. t G R, we have (j)i(t) = (/)2(t) a.e. on /. 
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Then by the weU-known theorem on the boundary value of the harmonic functions, 
we have (/'i(z) = 4>2{z) on 0+, which imphes 0i(i) — 02 (i), a.e. on R. D 

Noting that '^B{k) G H^ and using Lemma 2.6, we see that DB{k) is uniquely 
determined by argDB{k) in the Hardy class. In this class the following uniqueness 
result for the required determinant Dsik) holds. 



Lemma 2.7. Let the potential V satisfy M.2]) . Let a function F he analytic in C_|_ 
and satisfy the following conditions: 

(1) F(k) = 1 + o(l) as Imfc — > oo, k G C+, and \ogF £ TL^ for some branch of log, 

(2) (jipit) '■— aTgF{t) is continuous in i G R\ {0}, and (j^pit) — > as t -^ ±oo, 

(3) e-2*"^^(*) = e-2#B(t)^ for a.e. i G R. 
Then F{k) = Dsik) on C+. 

Note that if in this Lemma logF is not in the Hardy class, then we do not have 
uniqueness. For example, let A^ = and F{k) — D{k)e^/^^ for k G C_|_. Then F 
satisfies all conditions in Lemma except logi^ G T-L\. 

Proof of Lemma 2.7. We apply Lemma 2.6 to Db and F. Due to Theorem 1.1, 
the —i logics satisfies all conditions in Lemma 2.6. Then Db — F. D 

We prove our second result on the Dirichlet integrals. 

Proof of Theorem 1.2. Using Green's formula we obtain the following equality, 
where k = t + ir. 



Lri^B):^ ff \^'B{k)\^dtdT= [ 4>'B{t)pB{t)dt + 

J JkeC+,\k\<r J-r 

for any r > 0, where 

Jir)= r \^B{re'n?d^. 



^J'{r) 



Jo 
The asymptotics ([LM]) and (f2T9|) yield rJ'{r) ^ 0{l/r), r -^ oo and (t>'g, p'g G 
i^(R), which shows that Ir converges and we have 

(2.29) // \^B{k)fdtdT= f (j)'B{t)pB{t)dt. 

J Jc+ JR 

Consider the integral in the right-hand side of (|2.29p in more detail. Using pB{t) = 
p{t),t G R, and PB{t) G L^(R) we have the following decomposition 

- / (f>'B{t)PB{t)dt^mBjo + - / {(jy'Bit) -mB)pB{t)dt^mBjo~ Sq. 
T^ Jr t^ Jr 

Here the integrals converge absolutely, which implies (|1.29p . 

In order to show ps(0) = p(0) < we use the identity for r > 

*(iT)-*(0)=/ 2iz'ijj{z)dz, 'iJj{z)^TtRo{z)VR{z)VRo{z)>0, z G iR+. 
Jq 

Hence — p(0) = /„ 2yip{iy)dy > 0, where the integral converges, since R{—t'^) — 
0(l/r2) as T -^ oo. D 
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3. Resonances 

We consider first the resonances in the case when V satisfies (|1.2|) and D{k) is 
entire. 

Proof of Theorem 1.3. Recall that D = BDb- Let D be entire. Then using pT^ . 
we have the equality (|1.3ip and then B^{k) det S{k) has an analytic extension from 
R into whole C+. 

Conversely, let B^{k) det S{k) have an analytic extension from R into C+. Then 
using the formula (|1.21l) . we deduce that the function Dsi—k) has an analytic 
extension from R into C+, since Dsik) is analytic in C+. Then D is entire. 

Now we assume that D is entire. 

(i) The equality pTH]) and D = BDb yield (fOTI) . Then the function det S{k),k e 
R, has a meromorphic extension from R into the whole C. 

(ii) Let us consider the case that the order p = 3, the proof for the other cases is 
the same. The function D has the form 

M 

D{k)^e'^^^^^y{k), y{k)=W{k-kn), V{k) ^ c^k^ + c^k' + cik + C. 



Then the function ^(fc) = — ilogD(fc) has the asymptotics 

M 

*(fc) = -iVik) - i log y{k) = -iVik) ~ iM log fc - i V log 



n=l 






. M 
I 



= -iVik) - iM log fc + - V /c„ + Oillk^), k -^ oo 

n=l 

Then M = and uq = 0. Hence V = 0. 

(iii) Using formula (1 1.3 II) . we obtain the statement (3). 

(iv) Let Qo(') ■ C+ — >■ B2 have an analytic continuation into the whole plane. Then 
the equality (|2.5I) gives a meromorphic continuation oi Q{k), k € C^\ ^Jad{H), 
into whole C. 

If zq is a zero of D{k), due to (12. 5p . zq is a pole of Q{k) counted with multiplicity. 

If zo is a pole of Q{k), then the equation (/ + Qo(zo))/ = has a solution / 7^ 0, 
hence zo is a zero of D{k), counted with multiplicity. D 

Next we consider the resonances for compactly supported potentials V. 

Proof of Theorem 1.4- The estimate in (|1.32|) is proved in Theorem 2.3. We prove 
pr33l) . In [23 there is an estimate \B'^ {k) Aei S {k)\ < Cie'^il'^l' for any fc e C^ 
with some constant Ci . Note that the proof of this last estimate is not complicated 
(see also [6]). Then using Theorem 2.3 and ()1.3ip we obtain (|1.33p . 

It is well known that if D{k) is entire and has estimate (|1.33|) . then D{k) has the 
Hadamard factorization (jl.34p . where V = Ak^ + Bk^ + Ck. We have to determine 
the constants A,B,C. The function ^(fc) is odd and p{k) is even on the real 
line. Differentiating ([TTM)) . we get (IPS)) , which yields C = *'(0) since p'(0) = 0. 
Differentiating again (|1.34p we obtain A, B. D 

Finally, we prove the result about the trace Ti{f{H) — f{Hf))) in terms of reso- 
nances only. 



N 

Tr(/(i7)-/(i/o))=E/(^|)--/ 

.7 = 1 •^^+ 
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Proof of Theorem 1.5. The function D is entire. Using Theorem 1.1 and ()1.37p for 
each / e Cg° (R) and integrating by parts we have the fohowing identity 

N 
TV 

= E/(fc|)-— / f{t')dt--f f{t'W{t)dt. 

The expansion (|05)) yields pTiTI) . Using dHH), ((^IB and ([23]), we have 

D'(k) 

-^ = -Tr Q{k)Q'^{k) = -Tr (Q^(fc) - (/ - Q(fc))Q^(fc)) 

= ~m_i - 2fcTr {R{k^) - Ro{k^)) 
and then ()1.36p yields 

where the series converges uniformly on any compact subset of C \ {0, fc„, n > 1}. 
These two equalities imply (|1.41l) . D 

4. Proof of asymptotics Lemma 2.3 

Recall that by Lemma 2.1, each function TiQQ{k),n > 2, belongs to H(C+; C) 
and \TTQ^{k)\ < ||Qo(0)||2- We need the asymptotics of TrQ^(fc) as |fc| -^ cx). For 
the function /(a;), x S R'^ and lo G S'^, we put d^f{x) = -^{x) ~ uj ■ V/(x). 

Lemma 4.1. The following equality holds: 

j WVP \\\7V\\ 1 r°° F(f) 

^ '2 ^^^ ' 167rfc 37r(4fc)3 32/c4i 7g (1 + 1)3+^ ' + 

for some F e L°°(R+). 

Proof. Let /(/c) = |TrQ§(fc). Then we have 

/(fc) = ^ // ^ V^(a:)i?o(.T - y, k)V{y)Ro{y - x, k)dxdy 

If we set u — X — y,v — X and u = fw, i = |u| > 0, then we obtain 

(4.2) f{k)^'- re'^'^'g{t)dt, g{t) = f duo j V{x + tu)V{x)^. 
2 Jo J\oj\=i ^R3 (47r)^ 

Consider the function g. Using (|1.2p . we deduce that 5 € C'(R-) and g is even on 
R. The derivatives of g have the forms 

(4.3) 

g'{t)^ f dLo f V{x)d^V{x + tuj)jP^ = - f duj f V{x + tuj)d^V{x)jP^, 
Js^ Jr^ (471-)^ Js^ Jr3 (47r)^ 

(4.4) 

g"(t) = -[ dco [ d^V{x+tu)d^V{x)-p-^^ [ dco [ V{x+tio)dtV{x)-^, 
Js^ JR3 (47r)^ J52 Jr,3 (47r)^ 
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(4.5) g"'it) = ^^ du; J^^ d^V{x + tu;)dlV{x)-^, 

where we used integration by parts. Substituting the fohowing estimate 

1 /I 1 \ 1 

< 



(l + |a;|)(l + |y|) " \1 + \x\ l + \y\J 1 + \x - y\ 

into (I121)-(|131) and using dO]), we deduce that g(") € C(R),n = 0, 1, • • • ,4, and 
(^(")(i) = 0{t^^^'^) as t ^ ±cx). We have the following equalities 

ff(0) = / do. / V^x)-p-^ = ^ [ V\x)dx, 
Js2 7r3 {AttY 47r7R3 



ff'(O) = I duj I V{x)uj ■ VF(x)77^ = 0, 



(47r)2 



Js^^ Jr^ (47r)^ 127r 

since for any constant vector 7 G R'^ we have the following identities 

/ j-ujduj = 0, I {-f-ujfduj^\-f\^2TT I cos^9smede^\-f\^^. 
Js^ Js'^ Jo 3 

Then by integration by parts, we have 

F{t) - (1 + tf+'g""{t) e i°°(R+). 
which implies (|4.1I) . D 

We consider the function TrQi](fc). 

Lemma 4.2. Lei i^(fc) = —-TrQ^k), k e C+. Then we have the following 
asymptotic expansion: 

.w = -|I+o(f)- ^w-^+Kf 

»«;(<:) = 0(t-'), Tr(0;-'(f:)Oi(fc)) =0(1-'), n = 4,5, 

as |A:| — >■ 00, fc e C-f,, where 7^ = — — — -^ / F^(x)(ix. 
Proof. We have for k E C+ 

^ /• gife^-yl gi/c|y-2:| gi/c|2:-a:| 

ip{k) = --l V{x)—- rV{y)— -V{z)—- -dxdydz 

3 7r6 ATT\x-y\ nv~z\ A'k\z-x\ 

i r ^ik(\u\+\v\+\u+v\) 

= — - / V {z)V iz + v)V (z + u + v) —, — -:r, — ttt: rdudvdz 

3 7r9 ^(47r)3|u||w||M + w| 

p ^ik(\u\ + \v\ + \u+v\) 

= -M — \ — —J{u,v)dudv, 

3(47r)-^ 7r3 
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where we used u = x — y,v = y — z and y = v + z,x = u + v + z. Using the new 
variables 



u — tcuj, V = tsv, c — cosf/', s — sin?/;, t = y v? + v^ > 0, lo^v £. S'^, 

we rewrite the integral into the form 
(4.6) 

ip{k) = ~i dujdu I —dtp t^e'^^'^g{t,'q)dt, g{t,ri) ^ f{tcw,tsiy), 

Js'^xS^ Jo H> Jo 

where 

7?= (V',a;,i^) e (0,7r/2) X 5^ X S'2, = |1 + 2csw • z^j^^ G = c+.s + 4>. 

By the same arguments as in the proof of Lemma 4.1, we deduce that each g^") € 
C(R), n = 0, 1,--- ,4, and5(")(fc,r/) = 0(i"^(3+')) as i ^ oo. Moreover, we have 

V^ix) f r/2 2cs 



(7(0,77) = / —J- — yrdx, / dwdi/ / (j-0 = 27r , 



r/2 2cs 95(M) , , „ 
dojdi' / -—J — -- — dt/j = 0. 
52xS2 Jo <PG^ ot 



By integrating by parts we have 



00 



a^iktG „(, \j. _ I iktG I ^ 9{t,V)\ . 



z I iV^'^g(t,77)rft- / e^-^(:i^^) di 



JQ 



2.9(0,77) 2 %(0,77) 



00 iktO 



{kGf i{kGY dt J„ i{kGY 

Substituting the last integrals into \i.2\ . we obtain 

1 /• /'7T/2 /'OO 



{tMt,v)) dt. 



K-^ 7fc^ Js2xS2 Jo 'P'-^ Jo 



which yields the first asymptotics in (14. 6|) . The proof of other asymptotics is similar. 

D 
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